Abstract. In this paper, we analyse the fusion cross sections (σ F ), partial-wave fusion cross section (σ l F ) and mean angular momenta l of heavy-ion (HI) fusion reactions around the Coulomb barrier for a number of pairs of colliding nuclei. This is done by first formulating expressions for σ F in closed forms. These expressions incorporate only the general characteristics, namely radius, height and curvature of the s-wave potential barrier. The formulation is based on our earlier effective fusion barrier (EFB) transmission model. 
Introduction
The fusion of two nuclei at bombarding energy in the vicinity of the Coulomb barrier is one of the important mechanisms of heavy-ion collisions (HICs). We find several model dependent approaches in the literature [1, 2] to estimate the cross section of fusion σ F starting from the simple barrier penetration model (BPM) to more sophisticated approaches such as coupled-channel (CC) calculations. However, the experimental σ F data for all kinds of heavy-ion (HI) pairs have not been explained fully by any of these attempts in the whole energy range starting from the below-barrier to the far-above-barrier region in one go. Particularly in the sub-barrier region, the experimental results of σ F in the cases of heavier pairs are underestimated by most of the calculations.
Furthermore, a deeper look at the mechanism of fusion reveals that the total σ F is the sum of the contributions from different angular momentum (lh) trajectories in the reaction process. This fact indicates that σ F may have a coherent relationship with the corresponding spin distribution or partial-wave fusion cross section σ l F obtained for various partial waves l. Any model describing fusion should, therefore, explain the cross section and spin involved in the process consistently. In view of this, information (experimental) about the angular momenta involved in the fusion process is very important when probing the physical validity of the concepts incorporated in various models used for the estimate of σ F . In recent times, along with σ F , measured data of σ l F and mean spin or average angular momenta l for nucleus-nucleus fusion have started to become available [3] [4] [5] . A most recent review in [6] and the analysis of Stefanini [5] show that although the standard CC calculations [7, 8] are successful in reproducing the σ F and l data in the cases of light and/or very asymmetric heavy pairs of nuclei, they fail to do so in the cases of more heavy and nearly symmetric systems such as 64 Ni + 92,96 Zr, 64 Ni + 100 Mo etc. Like the BPM [9] or the Wong [10] formulae, the CC calculations are found to give values of both σ F and l with much lower values than those obtained by experiments, particularly in the below-barrier region of energy. Also, it is seen in the literature [5] that the Wong formula [10] needs further drastic modifications for explaining σ F and σ l F data simultaneously in cases such as 64 Ni + 92,96 Zr. In this paper, we discuss this problem of sub-barrier enhancement of σ F and l within the framework of a macroscopic approach maintaining a consistency between the fusion cross section and spin distribution.
Generally, the fusion of heavy ions at low bombardment energies is governed by the quantum mechanical penetration through the Coulomb plus centrifugal barrier. Recently we have developed [11] a simple formulation for the estimate of σ F in HIC which is consistent with the concept of one-dimensional BPM and the direct reaction model (DRM) [12] of fusion. This model has been named as an effective fusion barrier (EFB) transmission model. The basic idea behind this model can be described as follows. If one accepts the concepts of the DRM of fusion developed by Udagawa et al [12] that fusion takes place due to absorption in the region
2 ) r F being the fusion radius parameter for the colliding nuclei with mass numbers A 1 and A 2 , then within the framework of the BPM picture one can visualize that the fusion of two interacting nuclei takes place when they penetrate into the sphere r = R F . That is, according to this concept, once the colliding nuclei have centre-of-mass separation r < R F , fusion takes place. This is also clear from the fact that the wavefunction gets drastically attenuated for r < R F due to a strong absorptive potential. Thus the transmission into this sphere is the primary process involved in the fusion mechanism which is consistent with the observation in [13] regarding fusion. This model is able to explain in a neat way σ F around the Coulomb barrier in the cases of several HI pairs [11] .
In this paper, we first generalize our previous EFB model formulation and obtain expressions for T l at E cm both below and above the barrier in a unified way following a neat mathematical procedure given by Farina [14] . We then derive the final expressions for σ F in closed form which are found to be different from the corresponding expressions given by Wong [10] . The formulae for σ F and σ l F are expressed in terms of the fusion barrier parameters, namely the radius, height and curvature of the s-wave barrier. In the application of the present formulae to fit the fusion data for different nucleus-nucleus systems, the only parameter that needs to be varied is R F . In order to make the fusion process consistent with the scattering process, it is emphasized that R F should be very close to R (OMP) B , which is the position of the s-wave barrier obtained by using the optical model potential (OMP) parameters which describe scattering data. This is important in view of the fact that for strong absorption the barrier position has to be reached, in other words, R (OMP) B should be the entry point for the onset of fusion. This is consistent with the fact that in the exterior region r > R (OMP) B , generally, the contribution to fusion can be expected to be small; and the relatively weak absorption in the outside region will contribute more to other types of reactions. This view is reflected in the traditional assumption that the fusion occurs mostly in a region interior to the Coulomb barrier. Consequently, the introduction of a critical fusion radius parameter around the barrier position is a common feature of our model, the DRM [12] and CC calculations [15] . Furthermore, in connection with the onset of fusion at large distances, mention should be made of the work of Marten and Fröbrich [16] in which fusion is determined at large distances due to the frictional effects in the entrance channel.
In our earlier works [11] , we have calculated σ F and obtained good fits with the corresponding experimental σ F data in the cases of several HI systems, namely 16 Er for which the experimental data of both σ F and l are available in the literature at energies around the Coulomb barrier. Good fits between the respective calculated and measured data of these quantities are obtained simultaneously.
The paper is organized in the following way. The generalization of the EFB model and the deduction of closed form expressions for σ F , σ l F and l are described in section 2. In section 3, the results of numerical calculations of σ F , σ l F and l for various nucleusnucleus systems are presented and compared with the corresponding results obtained from experiments and other theoretical approaches. We summarize our findings in section 4.
General expressions for T l in the EFB model
In the EFB transmission model elaborated in [11] , the effective barrier for the lth partial wave is assumed to be
where
with µ denoting reduced mass, V N (r) is the real part of the heavy-ion OMP and V C (r) is the usual form of the nucleus-nucleus electrostatic potential with radius parameter r C . Assuming that the fusion is initiated between the two nuclei when they penetrate into the sphere of radius R F , the effective barrier described by equation (1) has to be transmitted (or tunnelled through) in the lth partial wave for the fusion to take place. Kittl and Testoni [17] have also recognized that a sharp cut-off-type potential is feasible for describing fusion within some radius. Furthermore, the effect of channel couplings in the process of fusion can be reproduced by one-channel tunnelling through a single barrier obtained by considering a large depth (V 0 ) and small diffuseness parameter (a v ) in the Woods-Saxon form of the optical model nuclear potential [3, 15] . This would lead to a steep and thinner effective barrier similar to that considered in the EFB model represented by equation (1) in the extreme limit. In [11] , we have obtained an expression for the coefficient of the transmitted wave T l within the framework of the quasi-classical approximation (WKB) for a given l at an incident energy E cm > V l EB . Let it be denoted as T (AB) l in this above-barrier (AB) situation and expressed as
Here
is the height of the effective barrier at r = R F in the lth partial wave with V 0 EB being the corresponding result for the s-wave. Prime denotes differentiation with respect to r.
When E cm < V l EB , we express κ(l, r) = −iκ(l, r) in the region R F r < r 1 , where r 1 denotes the outermost turning point and [κ(l, r)]
Following the mathematical procedure given in [14] , within the first-order WKB approximation, we obtain, besides equation (2), the T l below the barrier as
Here SB indicates the sub-barrier situation. It may be pointed out that the expressions given by (2) and (4) have some structural similarity. These expressions are deduced using the WKB formulation and hence will not be fully valid for a few partial waves for which E cm V l EB due to the fact that both turning points become very close to each other. At these turning points the WKB wavefunction, as discussed in detail in [18] , substantially deviates from the exact wavefunction, but it is highly accurate in the region away from the turning points. We refer to this point again in section 3.
Closed formulae for σ F
The partial-wave expansion for σ F is given by
where T l is obtained from equations (2) and (4). Further simplification of equation (5) is now made, as in [10] , by considering the leading terms of the Poisson sum formula to arrive at a closed formula for σ F . For a given incident energy E cm > V 0 EB , the grazing partial wave l g is obtained from the condition κ(l = l g , r = R F ) = 0 where κ(l, r) is given by equation (3) . For the lower set of partial waves 0 l < l g , we have an AB situation with E cm > V l EB . For the remaining partial waves l l g , this comes under an SB situation having E cm V l EB . However, for E cm V 0 EB it is an SB situation for all ls. Thus for certain E cm > V 0 EB , σ F of equation (5) can be expressed as
The expression (7) for σ (1) F is further simplified as follows. With the assumption that κ (l, r)
given by equation (2) reduces to
Using equation (9) in equation (7) and replacing the sum over l by integration, we obtain the following closed expression for σ (1)
where In the SB situation, T (SB) l
given by equation (4) reduces to
This is obtained by assuming that (i)κ (l, r)
2 F for most of the significant ls contributing to sub-barrier fusion. Furthermore, we evaluate the integral in the expression for θ by considering the total effective potential V EFB (l, r) as parabolic and obtain
where e =hw F /π with
dr 2 calculated at r = R F . The fusion radius R F and the curvature factor w F could be assumed to be independent of l for potentials in HI systems. Using these assumptions and expression (11) along with expression (12) in equation (5), we obtain in the SB energy region (E cm V 0 EB ) the following expressions for σ F in closed form after integration over l as before:
, β) is the incomplete gamma function.
Using the standard properties of ( , β), we simplify expression (13) , β)
With this, equation (13) reduces to
Furthermore, in the region far below the barrier where β > 1 [19] , one can take
Using this in equation (13), we find
At E cm = V 0 EB where β = 0, we find from equation (15) that
This situation is similar to the case at E cm = V given by equation (8) could be expressed as that in equation (18) .
Thus, at a given energy E cm the value of total σ F is estimated in the AB situation (E cm > V 0 EB ) by using equations (10) and (18) in equation (6) and in the SB case (E cm V 0 EB ) by using equations (15) and (17).
Spin distribution and average angular momenta
The energy dependence of σ F determines the spin distribution uniquely. In this regard, we note that one can use the procedure given in [5] to get σ l F from σ F . Then the expression for σ l F becomes
Here R is the centre-to-centre mass separation and E rot stands for rotational energy in a given trajectory specified by the partial wave l. Equation (19) is a convenient formula to find σ l F . Then the average angular momenta l at certain energy E cm is given by
For a given incident energy E cm > V 0 EB , one encounters two situations:
EB for all ls. Keeping this in view, we derive the spin distribution σ l F and the average angular momenta l from the closed expressions for σ F deduced earlier and equations (19) and (20) . The results are:
(ii)
where β = (V 0 EB − E )/ e. The incomplete gamma function (
, β ) is estimated as in equations (14) and (16) for the values of β in the two limiting situations. These equations (21) and (22) provide simple and convenient expressions for σ l F on the basis of equation (19) . Using the above formulations we explain the experimental data of σ F , σ l F and l in the cases of various nucleus-nucleus systems in the following section.
Numerical results and discussion
In this section, we demonstrate the applicability of our above formulation through simultaneous analysis of the experimental data for σ F , σ It is well known that there are a number of OMP parameter sets which can almost equally fit the same elastic scattering angular distribution data. Therefore, we prefer to use 'global' expressions for R F , V 0 EB and w F deduced using a global HI potential [20, 21] :
where a = 0.63 fm and r 0 = 1.07 fm [20] . Here µ indicates the reduced mass and A i , Z i , i = 1, 2, denote the mass number and proton number of the colliding nuclei. In the application of our formula, we slightly vary the radius parameter r 0 around the global value (1.07 fm) in individual cases for a better fit to σ expt F . Thus R F is the only variable parameter used in our calculation as V 0 EB and w F are expressed in terms of R F and fixed a in equations (24) and (25) . In view of the success of calculated σ F , σ l F and l values we believe the use of R F as an adjustable parameter implicitly incorporates the net effect of the microscopic processes such as coupled channels, barrier distributions etc. Similar observation regarding shifting of fusion radius to incorporate channel-coupling effects is pointed out in [22] (also see [3, 13, 15] ). In table 1 we list the nucleus-nucleus systems studied along with the results of R F , V These results corroborate the general assumption that fusion processes are spatially localized inside the Coulomb barrier region [2, 15] .
(ii)hw F ∼ 4 MeV. This result is also consistent with the typical values ofhw for HI pairs found in the literature [21] .
In figures 1-3 , we compare the results of σ curves. It is seen that the fit of σ closed F to σ expt F is quite good in general. Coming to the individual cases we may point out that in the case of 64 Ni + 96 Zr in figure 1(b) the σ expt F data (full circles) correspond to only an evaporation residue (ER) cross section [5] . When the measured fission cross section is added to these ER results, the resulting σ F can be expected to agree with the the results of our calculation (full curve) more closely as in figure 1(a) for 64 Ni + 92 Zr. Also in figure 1 we show the results of CC calculations by a broken curve which underpredicts the cross section below the barrier [5] . A similar problem of underprediction of σ expt F is found in 64 Ni + 100 Mo (figure 2) by CC calculations. However, our results shown by the full curve systematically remove this problem in all these cases. Even in the case of 16 O + 166 Er ( figure 3(a) ), where the CC model is successful, our results are also equally good.
Spin distribution and mean spin
We now analyse the data of σ l F and the corresponding l involved in the fusion process. These data for the systems 64 Ni + 92 Zr and 64 Ni + 96 Zr are obtained from the paper [5] . We obtain the corresponding results from our present formulae (20)- (22) . In figure 4 the variation of σ l F with l at fixed energy E cm = 138.8 MeV for 64 Ni + 92 Zr and . The results of CC calculations (broken curve) and experimental data (full circles) are obtained from [3] .
E cm = 139.5 MeV for 64 Ni + 96 Zr is shown. The full circles represent experimental results and the full curves represent our calculated results. As pointed out earlier, the WKB approach adopted by us is not appropriate for those partial waves for which E cm V l EB . Due to this, σ l F for l g − g < l < l g + g, g 1.5 are evaluated by extrapolation and these results are shown by a dotted curve in figure 4 . This is not unreasonable because the WKB approach, where applicable, gives a very good approximation to the exact wavefunction on either side of the turning point and deviation is appreciable only in the close vicinity of the turning point. This is elaborated in the work of More and Warren [18] . The matching between our calculated and experimental σ l F results is found to be quite good. Also the figure contains the values of σ l F (broken curve) obtained by adopting similar procedure for a modified Wong formula [5] . For the sake of completeness, we give below the Wong formula for σ F
Here E =hw B /2π and R B , V B and w B indicate the radius, height and curvature of the swave potential barrier, respectively. In order to obtain the fits (broken curves in figure 4 ) to the experimental σ l F it was found that the above formula needs further modification requiring the addition of another term exp[2π(E cm − V B )/hw 2 ] 2 inside the log term in equation (26). However, the physical origin and significance of this term, as stated in [5] , is not clear. This fact brings out clearly the merit and advantage of our approach. We have also successfully explained the σ l F against l data at different energies given in [3] for the 64 Ni + 100 Mo system using our present formulation. This will be reported in another full paper.
The results of l corresponding to σ F at various energies are analysed for 16 O + 166 Er ( figure 3(b) ), 64 Ni + 92,96 Zr (figure 5) and 64 Ni + 100 Mo (figure 6) systems. Our results shown by full curves explain the data well throughout the energy region in all these cases. Particularly in the case of 16 O + 166 Er and 64 Ni + 100 Mo, the fits are excellent. We may mention here that the system 64 Ni + 100 Mo has also been studied in [23, 24] for σ F , σ l F and l using a model which considers ion deformations during the tunnelling process and energy dissipation. In these calculations the results of l are found to overestimate the corresponding l data in the above-barrier energy region. In figure 5 we see that our results (full curve) are more close to the data than the corresponding values of CC calculations in the lower energy region, whereas they merge with each other in the higher energy region with a satisfactory fit to the data, particularly in the case of 64 Ni + 96 Zr ( figure 5(a) ). Here also the present calculation is successful in explaining the data in the energy region where there is severe underprediction of l data by the CC calculations. In the case of 16 O + 166 Er ( figure 3(b) ) both the CC calculation and our model are successful in explaining the l data remarkably well with a better fit in the latter case in the below-barrier energy region.
The set of expressions for σ F , σ l F and l obtained in this paper using the unified mathematical approach [14] within the framework of the WKB approximation and EFB model [11] seem to provide remarkably successful formulae within the macroscopic approach for the analysis of HI fusion data. In our view, introduction of the concept of fusion resulting due to the tunnelling into the absorptive sphere r < R F with R F as an adjustable parameter around the Coulomb barrier position seems to implicitly take into account the role of peripheral processes and varying barrier distribution in causing fusion [5] . [25] . One may note that the σ 
when E cm V 0 EB . This is significantly different from the two-parameter (R cr , V B ) formula for σ F in the l-space sharp-cut-off model given by
However, our expression (27) is interesting in the sense that it leads to the following expression for the second derivative of the function E cm σ F with respect to E cm for a single barrier:
This expression clearly shows the peak indicating the fusion barrier. We further note that there is provision in the present model to take into account the barrier distribution by suitably constructing the parameter R F as as function of the orientation angle θ of the colliding nuclei. These properties of our formulation can be used to analyse fusion data within the concept of 'distribution of barriers' as outlined in [21, 25] . In the present set of numerical calculations we did not find it essential to incorporate this additional degree of freedom, even though we do not rule out the necessity of considering this in the other cases of fusion process involving highly deformed nuclei.
Summary and conclusions
We now summarize the main observations and conclusions of the present paper. Based on the concept of the EFB model [11] and unified formulae of transmission coefficients adopting the procedure of [14] , general expressions for transmission coefficients T l in the lth partial wave at E cm both below and above the Coulomb barrier are derived. The partialwave expansion of σ F through these T l is then integrated over l to give closed formulae for σ F as a function of E cm . Subsequently, the results of mean spin l are obtained from these expressions of σ F . The formulation is applied to several nucleus-nucleus systems namely 64 
